Abstract: The parametric interaction in few mode fibers is theoretically and numerically studied in the particular case in which the signal and the idler waves are frequency degenerate but mode nondegenerate. Under simplifying hypotheses, we derive analytical formulas for the phase-insensitive and phase-sensitive amplification gain and conversion efficiency. The analytical formulas are in very good agreement with the numerical solutions of a full vectorial model that takes into account losses, mode coupling, and all possible four-wave mixing interactions. In the phase-sensitive regime, we predict that for small input pump powers, a large and tunable phase-sensitive extinction ratio can be achieved on one mode, whereas the other mode power remains essentially unaffected. Finally, in the high-gain regime, the self-equalization of the output power on different modes can be also achieved.
Introduction
Spatial division multiplexing (SDM) is the ultimate multiplexing technique and is now widely studied to overcome the incoming "capacity crunch" [1] , [2] by exploiting several spatial modes to transmit information [3] . A considerable research work has been recently devoted to clarify the impact of the fiber nonlinearities on SDM [4] - [7] . Among nonlinear effects, four wave mixing (FWM) in multimode fibers has been demonstrated long ago [8] . Seminal theoretical studies of degenerate FWM in short photonic crystal fibers showed that FWM is responsible for energy transfer between modes [9] - [11] . For longer few mode fibers (FMFs), various intermodal (IM) non-degenerate FWM processes have been investigated [12] , [13] , and the potential of IM-FWM for broadband wavelength conversion close to the zero dispersion wavelength (1.3 μm) has been highlighted [14] . However, several features of IM-FWM in FMFs are still largely unexplored. In particular, it is well known that FWM enables both phase-insensitive and phase-sensitive amplification (PIA, PSA) [15] , [16] , the latter effect showing a high potential in extending the reach of the fiber optics links, owing to the fact that noise figure can decrease below the 3 dB quantum limit of PIA [17] . In the context of multimode waveguides PSA was studied but only in χ (2) nonlinear media [18] . The aim of this paper is to extend the knowledge and to hint at the exploitation of FWM for realizing useful FMF devices. With this objective in mind we consider a particular case (see Fig. 1 ) of the IM-FWM occurring in a FMF where the mode families LP 01 and LP 11 can propagate, that is when the signal and the idler waves are mode non-degenerate but are frequency degenerate. This condition actually implies that FWM processing functions can be realized at the same frequency but on different fiber modes. We will first show that, in the undepleted pump approximation and neglecting mode coupling, approximate expressions for the PIA and PSA gain can be derived, in spite of the fact that the nonlinear coefficients are different because waves propagate on different modes. The predictions of the derived analytical formulas are in excellent agreement with the numerical simulations of a model considering all FWM interactions, pump depletion, losses and low mode coupling and so are a valuable tool to study IM-FWM. The present work is aimed at highlighting features of the PSA regime that could be exploited to realize mode processing devices. For example we will show the existence of an extremely large phasesensitive mode extinction ratio at low input pump powers and the self-equalization of the mode power content at the IM-FWM amplifier output. The paper is organized as follows. In Section II, we will explain why the selected IM-FWM process can be reasonably considered the only significant FWM process occurring in the fiber, so justifying a model reduced to four waves. In Section III, we will derive analytical formulas of gain and conversion efficiency, while in Section IV, the full vectorial model used for numerical integrations will be briefly presented. Finally, in Section V, we will present the comparison of the theoretical and numerical results and highlight FWM mode processing.
Theoretical Approach
In FWM, two pumps at frequencies ω 1 and ω 3 co-propagating inside a fiber interact with a probe signal at frequency ω 2 and an idler wave at frequency ω 4 satisfying the photon energy conservation relation ω 4 = ω 1 − ω 2 + ω 3 . When a probe and an idler are launched at different frequencies or in different modes, the FWM is non-degenerate. Here, we are interested in the non-degenerate IM-FWM depicted in Fig. 1 , in which the probe signal and the idler are propagating on different modes of a FMF, but ω 2 = ω 4 . This is a special case of the interaction denoted as PROC1 in [12] and [13] , but it was not considered in those papers. It also bears similarity to the vector FWM process studied in [19] . The efficiency of the FWM interaction depends on the linear phase mismatch parameter
where β (l) (ω h ) is the propagation constant of the wave at frequency ω h propagating in the l th fiber mode, that can be approximated by a Taylor expansion around an arbitrary frequency ω 0 The dispersion coefficients β
) are calculated at ω 0 and ω h = ω 0 − ω h . Here, for the sake of simplicity, we will consider fiber parameters defined like those of [12] , [13] = −300 ps/km. Moreover, the fiber length is L = 4.7 km and the loss coefficient is α = 0.226 dB/km for all modes. In FMFs the nonlinear coefficients depend on the modes involved in IM-FWM [9] , [13] : if modes {m, n, o, p } (as labelled in Eq. 1) are involved, the nonlinear coefficient is given by γ f mno p , where γ = 1.77 W −1 km −1 and f mno p is the normalized mode overlap integral, whose definition can be found in [13, eq. 11] , and is not reported here for the sake of brevity. For this fiber we fixed the wavelength λ 1 of pump 1 at 1521.885 nm and numerically determine the wavelengths of the other pump and of the signal/idler satisfying the photon energy conservation and β = 0; the result is shown in Fig. 2(a) .
Similarly to what shown in [8] , [12] , [13] , also in the present case the phase matching condition is very narrow band (its FWHM is estimated to be about 0.2 nm) and this actually enables to neglect other processes (i.e. PROC 2 and PROC3 as defined in [12] , [13] ). As pointed out in [14] modulation instability (MI) of the pumps, stimulated by waves co-propagating in the same mode might also occur. For the situation described in Fig. 1 and for the FMF under examination, the half-width of the MI band on mode l can be estimated as [20] 
where P l is the input pump power on mode l. Setting λ 1 = 1521.885 nm, λ 3 = 1553.95 nm and λ 2 = λ 4 = 1537.75 nm, the detuning ω 2 − ω 1 = ω 3 − ω 4 12.7 THz is much larger than ω M I l calculated from (3) as presented in Fig. 2(b) . Therefore, the pump-signal and the pump-idler MI can be reasonably neglected.
Analytical Formulation
According to the above argumentation, the coupled equations describing the process of Fig. 1 for continuous waves (CWs) are
where A P 1 , A P 2 , A S , and A I are the slowly varying complex envelopes of pump 1, pump 2, signal and idler, respectively (for the sake of simplicity in (4)- (7) the modal dependence of the normalized overlap integrals f mno p is indicated by the respective frequency index). On the right hand side of each equation, the first term represents self-phase modulation (SPM), the summation cross-phase modulation (XPM) and the last term the non-degenerate IM-FWM. As previously mentioned, the nonlinear coefficient of each term depends on a different overlap integral f mno p . Therefore, (4)- (7) mathematically resemble those of nonlinearly dispersive waveguides [21] , [22] and exact expressions of gain and conversion efficiency can be found in the undepleted pump approximation defined in [23, Sec. 2.6]. First, the pump equations are solved to yield
, where φ P 1,P 2 are the pump input phases and introducing the following change of variables:
the governing equations for the signal and the idler simplify into
where
is the nonlinear phase mismatch, and
The conditions f 4132 = f 2134 , f 2233 = f 3333 , f 4411 = f 1111 , f 2211 = f 1133 = f 4433 that derive from the mode selection rules [13] , [24] have been applied to calculate (10) . Note that, like in [21] , the nonlinear effective coefficients defining the maximum gain (γr ) and the nonlinear contribution to the phase matching (γq) in (12) are different (in SMFs they are equal). Equation (10) can be solved by following the guideline of [23, Sec. 2.6]. Note that so far losses have been neglected; exact formulas for the mode gain and the mode conversion efficiency might be determined also with mode dependent losses, similarly to what found in [25] . That formulation involves special functions and does not enable to quickly grasp the interesting features of the IM-FWM. However, if total losses are small and are not mode dependent, pump losses can be accounted for by substituting the fiber length L with the effective length L e f f = (1 − exp(αL ))/α, while signal and idler losses can be simply accounted for by multiplying lossless gain and conversion efficiency expressions by exp(−αL ). We will demonstrate (Section V) that the results of this approximation are in excellent agreement with the numerical results of the full model that includes losses (see Section IV). If we assume that A I (z = 0) = 0, we can prove that the PIA gain for the signal is found:
We can similarly determine the idler conversion efficiency:
Note that G The PSA regime is found when A I (z = 0) = 0 [15] and, to the best of our knowledge, it has not been explored in the context of FMFs. In this regime the signal and idler amplification gains can be written as
where the phase-sensitive excess gains (or attenuation) can be proved to read .
The PER quantifies the dynamic range of the PSA amplitude squeezing between in-phase and in-quadrature components [26] . Its maximization is highly searched for PSA applications like low noise amplification, phase-and amplitude-regeneration [26] - [28] . In this paper it actually quantifies the range over which the PSA can vary the power distribution on the different modes of the FMF.
Full Model of FWM
The analytical results reported above must be compared with solutions when all simplifying hypotheses are removed, i.e. with all nonlinear mixing terms, depleted pumps, losses and mode coupling. To this aim we consider a system of 18 equations that accounts for all FWM processes [14] that could mix three different frequencies (ω 1 , ω 2 = ω 4 and ω 3 ) each with components on the two polarization modes of the three spatial modes (the LP 01 and the two degenerate modes LP 11a and LP 11b ). In each equation a term accounting for equal losses has been introduced. In FMFs random linear mode coupling, can be induced by various physical effects such as bending, tension, twisting, rotation, pressure and imperfections in the fiber core shape and refractive index [29] , and it is strongly dependent on the difference of propagation constants of the modes [30] . Though for the fiber defined in [13] (whose parameters are also used here) coupling effects were negligible for reasonable strengths of coupling mechanisms we preferred, for the sake of precision, to account for some coupling (birefringence and core ellipticity) by adopting a model, whose details can be found in [31] . The key element of the model is the angle θ describing the orientation of the perturbation changing randomly with z according to the Wiener process [32] dθ/dz = −ση(z), where η(z), is a zero mean, Gaussian white noise with autocorrelation r η (z) = δ(z), and σ = 1/L F is the inverse of the correlation length L F . In our study, we tested a few values of the correlation length (L F = 10, 100, 1000) m, and we present the results for L F = 10m that implies a very perturbed fiber, i.e. the worst case. Two values of the birefringence n = 10 −6 , 10 −5 were also tested and we present the results for n = 10 −6 that is a more typical value. For core ellipticity, we assume that the maximum ratio between maximum core radius variation and the core radius is r e = 10 −3 . As expected for such short fiber random mode coupling introduces negligible changes for all the used values of the parameters, similarly to what is shown in [13] . 
Results and Discussion
The 18 coupled equations with the previously described linear and nonlinear terms have been solved through a Runge-Kutta algorithm. The nonlinear phase matching condition = 0 is assumed and both pumps have the same input power. A slight shift from the phase matching condition can be tolerated, as shown in [13] .
For the PIA regime, the gain and the conversion efficiency numerically calculated are represented in Fig. 3(a) and (b) (black curves), respectively; the results of the analytical formulas (13) and (15) (red curves) are in an excellent agreement. It is also found that all other FWM processes are weakly contributing to the dynamic. The signal-idler frequency degeneracy implies that, in the PIA regime, it is possible to achieve an efficient mode conversion. However, the most intriguing results are to be found in the PSA regime. In Fig. 4 , we compare the signal gain numerically calculated as a function of the phase φ T , with the theoretical values given by (13) , (16) , and (17), for various values of input pump powers for the PSA regime. The value of the PIA gain is also represented as a constant reference in Fig. 4 as well.
Supported by the very good agreement between numerical and analytical results, we exploit the analytical formulas to predict features of the PSA regime that can find a valuable application in the context of mode processing. From (16) and (17) + π; both depend on the phase mismatch but not on the input amplitude unbalance R , generalizing to the present multimode case a result already known for single mode fibers [15] . Hereinafter, we assume perfect nonlinear phase matching ( = 0), so two compact expressions for the maximum gain (φ M A X T = 0) and for the 
Note that the difference between the maximum and the minimum gain actually depends on two terms: coth gL e f f , that is pump power dependent, and U S,I that depends only on the input signal/idler unbalance. Let us remark that the latter dependence is scarcely explored in the literature [27] . By inserting (19) and (20) into the PER definition [see (18) ] and upon differentiation with respect to U S,I the condition maximizing the PER is simply given by R M A X = coth gL e f f for the signal and R M A X = 1/ coth gL e f f for the idler. For high gain (i.e., under the condition gL e f f > 3) we have coth gL e f f 1 an so the maximum signal PER is achieved for R 1. Note that high gain is the condition mainly exploited in previous studies of PSA in SMFs; in fact the results of [15, Fig. 4] are comparable to what we present in Fig. 5(a) for the FMF under the condition of large gain (set of curves for P P 1 = P P 2 = 0.4 W, G M A X S 28 dB). From Fig. 5(a) , we can clearly observe that the maximum PER is achieved when G min S reaches a deep minimum. From the physical viewpoint this condition means that the signal and idler waves are actually depleted (signal and idler photons are annihilated to generate pump photons). If the condition R = R M A X was exactly satisfied, the minimum gain of (20) would go to zero and the PER [see. (18) ] to infinity. From a practical viewpoint the weak differences in the input unbalance ratio, the imperfect nonlinear phase matching conditions and other fiber imperfections will lead to finite PER values. The dependence of the PER on the input pump powers is shown in Fig. 5 (b) (once again with an excellent agreement between numerical calculations and theoretical result). For R = 1, the PER increases steadily with power until saturation occurs. In previous experiments in SMFs [15] the condition R 1 was used and therefore high pump power was required to maximize the PER. Let us stress that the latter condition is subject to many possible impairments like pump depletion (also caused by Brillouin and Raman scattering) and gain saturation.
However, we highlight that if the aim is to realize mode processing, the condition of low pump powers (gL e f f < 1) can be also exploited. In this case the condition maximizing the PER yields R M A X = coth gL e f f = 1. This feature is confirmed in Fig. 5(a) by observing the set of curves for
the maximum signal depletion (and PER) occurs for R M A X = coth gL e f f 3.115. Remarkably for this value of R the idler wave presents a negligible PER (about 2 dB). In fact to maximize the PER for the idler the condition R M A X = 1/ coth gL e f f 0.321 must be imposed. In Fig. 5(b) the power dependence of the signal PER is presented also for R = √ 10 and R = 1/ √ 10 (i.e. ± 10 dB input power disequilibrium). Note that the signal PER is maximized for a well defined, small value of the pump powers (low gain) for which the condition R = √ 10 R M A X = coth gL e f f holds. Conversely, for the inverse value of R a negligible PER is found at all pump powers. The explanation of this behaviour are again the Manley-Rowe relations [23] . When R > 1 (input idler more powerful than input signal) the phase-sensitive depletion can be strong for the signal but still negligible for the idler (and vice versa for R < 1). This effect could find application to realize a modal filter providing a large (a few tens of decibels seem feasible) tunable phase-sensitive extinction ratio on one mode, while leaving the other mode essentially unaffected. This is also very attractive because of the low pump power requirements (few tens of mW). In the context of FWM processing of modes is also interesting to remark the consequences of Manley-Rowe relations when high gain (gL e f f > 3) is imposed. In fact, from Eqs. 19 when coth gL e f f 1 the following is found in terms of the number of signal and idler photons
From (21) and (22) and recalling that N I (0) = R 2 N S (0), it is straightforwardly found that the number of photons added to each wave amounts to
Since N N S,I (0), because sinh 2 gL e f f 1, then the signal and idler output powers tends to become equal N S,I (L ) N regardless the input power disequilibrium. This is confirmed in Fig. 6 where we present the gain for the signal (a) and for the idler (b) as a function of R . Once again the agreement between the analytical and the numerical values is excellent up to when the idler power becomes large enough to induce pump depletion. Note that this feature can not be found in multimode fiber amplifiers based on doped fibers or Raman scattering [33] , [34] where such Manley-Rowe relations do not hold. Finally, let us highlight two additional issues of all presented features: a) They are expected to be very fast; in fact, FWM is practically instantaneous and so modification of the output will mainly be set by the fiber propagation delays; b) they are general, i.e., apply also for PSA in SMFs.
Conclusion
We have considered a four-wave mixing process in a few mode fiber supporting two families of modes, for which the signal and the idler waves are frequency degenerate but propagate in nondegenerate modes. By neglecting the pump depletion and the mode coupling, we derived analytical expressions for the parametric gain and the conversion efficiency for both the phase-insensitive and the phase-sensitive amplification regimes. To test the analytical formulas we developed a full numerical model of the nonlinear interaction, that accounts for all possible nonlinear terms, for the pump depletion, for the losses and for the mode coupling due to residual birefringence and core ellipticity. The analytical findings are always in excellent agreement with the full numerical solutions for a few mode fiber characterized by a low mode coupling strength. Then, we highlighted a few interesting features associated to the phase sensitive four-wave mixing mode processing. In this regime, an extremely large phase-sensitive extinction ratio of one specific mode can be achieved, while keeping the other mode essentially unaffected, at low pump powers. This effect could be exploited for realizing a tunable modal filter. Finally, in the high gain regime we predict that such amplifier self-equalizes the output mode powers regardless their input power disequilibrium.
